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We have established a theoretical description of the co-ion and counter-ion Ñuxes through an ion-exchange
membrane (IEM) used in a bi-ionic system. This study is based on the modiÐed NernstÈPlanck equation applied to
three parallel homogenous phases : two di†usion boundary layers (DBLs) and an IEM. The role of the IEM and
of the DBLs in the control of the interdi†usion process is discussed. The inÑuence of the common concentration,
the co-ion and counter-ion di†usion coefficients in the membrane, the membrane selectivity and affinity, the
concentration of functional sites and the convection velocity are evaluated.

Système bi-onique : e� tude the� orique des Ñux ioniques à travers une membrane e� changeuse dÏions. Nous avons e� tabli
une e� tude the� orique des Ñux du co-ion et des contre-ions à travers une membrane e� changeuse dÏions (MEI) utilise� e
dans un système bi-ionique. Cette e� tude est base� e sur lÏe� quation modiÐe� e de NernstÈPlanck applique� e à trois
phases parallèles : deux couches limites de di†usion (CLE) et une MEI. La part de la MEI et des CLE dans le
controü le du processus dÏinterdi†usion est discute� e. LÏinÑuence de la concentration commune, des coefficients de
di†usion du co-ion et des contre-ions dans la membrane, de la se� lectivite� et de lÏaffinite� membranaires, de la
concentration des sites fonctionnels et de la vitesse de convection sont e� value� s.

A bi-ionic system (BIS) is constituted of an ion-exchange
membrane (IEM) separating two electrolyte solutions having
the same co-ion, Y, at the same concentration but di†er-C0 ,
ent counter-ions : A and B. It will be denoted as AY (C0)

In this system, we observe an interdif-/IEM/BY(C0 ).
fusion process (IDP) between the two counter-ions, under the
inÑuence of their concentration gradients. Quickly, the system
will become multi-ionic because the two counter-ions will
exist in both compartments. In most papers dealing with bi-
ionic systems,1h9 attention has been focused on potential mea-
surements and/or computations. But the analysis of
transmembrane ionic Ñux has been neglected because of the
difficulty of its study.10 For example Dammak et al.11 have
proposed an experimental setup to maintain the system as
near as possible to the real state of a BIS and the correspond-
ing measurement protocol for determining the bi-ionic poten-
tial (BIP). They have elaborated a theoretical treatment, based
on the modiÐed NernstÈPlanck equation12 to interpret their
BIP experimental results. They have shown also the suitability
of these equations for describing the transport phenomenon
through an IEM and the utility of studying this phenomenon
over the entire concentration range (10~5È1 M)

For the ion Ñuxes, we remark that until now, all analytical
solutions, giving these through an IEM have been established
by several authors9,10,13 for the two limiting concentration
domains only. V ery low concentrations. One of the concentra-
tions is less than 10~2 M; the authors9h13 have shown that in
this case the di†usion boundary layers (DBLs) control
completely the IDP. V ery high concentrations. Both con-
centrations are higher than 1 M. It has been shown9 that in
this case the IEM controls completely the IDP. However,
for the intermediate concentrations, the most used experi-
mentally, there are neither signiÐcant theoretical nor
experimental studies.

In this paper, we propose to solve the same equations used
by Dammak et al.11 in the case of a bi-ionic system in order

to study theoretically the transmembrane ionic Ñux variations
over all concentration domains and with di†erent inÑuencing
parameters. This approach will be used in the future to
develop the study on multi-ionic systems (MIS), considered as
the real representation of crossed ionic dialysis (Donnan
dialysis).

We have organized this paper as follows. First, we will
present a short theoretical development, then we will give the
general variation curves of the counter-ion and co-ion Ñuxes
and Ðnally we will evaluate the inÑuence of each parameter
taking part in the interdi†usion process.

Theoretical development
The system under study is shown in Fig. 1. It consists of a
cation-exchange membrane (CEM), with univalent Ðxed
anions at a total concentration of X, separating two solutions
a and b whose compositions are maintained constant in time.
In this system we distinguish four di†erent interfaces : (i) bulk
solution aÈDBLa, at (ii) DBLaÈCEM, at x \ 0, (iii)x \ [da ,
CEMÈDBLb, at x \ d, and (iv) DBLbÈbulk solution b, at

Thermodynamic equilibrium is presumed betweenx \ d ] db .
the di†erent phases at each interface.9 The kinetics of ion
exchange at the level of the DBLÈIEM interfaces is assumed
to be instantaneous,14 thus only the di†usion process will be
studied.

Fig. 1 The study system of the cation-exchange membrane.
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Recent studies on the BIP8,15 lead to the following assump-
tions, in order to be as close as possible to the real conditions
of a BIS : (i) mixed control of the interdi†usion process by
both the charged membrane and the di†usion boundary
layers, (ii) the co-ion Ñux is di†erent from zero, (iii) the solvent
Ñux is not nil, (iv) the affinity and selectivity coefficients are
neither constant nor equal to one, (v) the electroneutrality is
respected in each phase, and (vi) a zero current density
through the studied system is considered.

The NernstÈPlanck equation is the most frequently used to
describe the transport phenomenon of matter in solution and
through IEMs. However, this equation does not take into
account the solvent Ñux. We use then the modiÐed NernstÈ
Planck equation that includes the correction term toCi VMcalculate the Ñux of ion i :Ji

Ji \ [Di
G
+(Ci)] Ci+[Ln(ci)]] ziCi

F
RT

+(t)
H

] Ci VM
(1)

where denotes the di†usion coefficient of the ionic species i,Diits valence, its molar activity coefficient, F is FaradayÏszi ciconstant, R is the ideal gas constant and T is the absolute
temperature. The ion concentration and the electric poten-Citial t are assumed to vary only in the x direction. is theVMsolution center-of-mass velocity in the membrane.

In the usual concentration range mol L~1) and for(C0 B 1
almost all electrolytes (di†erent from HCl and NaOH) we can
suppose is constant, but it can be di†erent from unity. Incifact, the electrolyte quantity absorbed by the membrane
remains negligible compared to X (functional site
concentration) in recently developed membranes. Thus, the
electrolyte strength in the membrane will be independant
of the external concentration. Eqn. (1) for a 1 : 1 electrolyte
becomes

Ji \ [Di
AdCi

dx
] Ci

F
RT

dt
dx
B

] CiVM (2)

where the bars denotes the membrane phase.
In this part we will describe the mathematical treatment

only for the membrane phase. The same treatments may be
achieved for the two DBLs, by considering x \ 0, x \ d and
removing the bar on the physico-chemical magnitudes. For
the three ionic species within the membrane, which is con-
sidered as homogeneous,16 we can write :

JA \ JA \ [DA
AdCA

dx
] CA

F
RT

dt
dx
B

] CA VM (3a)

JB\ JB \ [DB
AdCB

dx
] CB

F
RT

dt
dx
B

] CB VM (3b)

JY \ JY \ [DY
AdCY

dx
[ CY

F
RT

dt
dx
B

] CY VM (3c)

The electroneutrality condition and the zero current density
condition lead, respectively, to the two equations :

CA ] CB \ CY ] X (4a)

JA ] JB\ JY (4b)

Removing the potential gradient from eqn. (3), we obtain :

[
JA
DA

\
dCA
dx

] CA

VM X ] [(DY [ DA) dCA/dx
] (DY [ DB) dCB/dx]

[(DY ] DA)CA
] (DY ] DB)CB [ DY X]

[
CA
DA

VM

(5)

For the counter-ion B, we obtain a similar equation by per-
muting A and B in the last equation. After rearrangements we

obtain :

[
JA
DA

[(DY ] DA )CA ] ( DY ] DB )CB[ DYX]

]
CA
DA

VM [(DY ] DA )(CA [ X) ] ( DY ] DB )CB]

\ [(2CA ] CB[ X)DY ] CB DB ]
dCA
dx

] CA( DY [ DB )
dCB
dx

(6a)

[
JB
DB

[(DY ] DB )CB] ( DY ] DA )CA [ DYX]

]
CB
DB

VM[(DY ] DB )(CB [ X) ] ( DY ] DA )CA ]

\ [(2CB ] CA [ X)DY ] CA DA ]
dCB
dx

] CB( DY [ DA )
dCA
dx

(6b)

If we deÐne :

aA0 \ [
JA
DA

[(DY ] DA )CA ] ( DY ] DB )CB [ DY X]

]
CA
DA

VM[( DY ] DA )(CA [ X) ] ( DY ] DB )CB ]

aA1 \ [(2CA ] CB [ X )DY ] CB DB ]

aA2 \ CA( DY [ DB )

aB0\ [
JB
DB

[(DY ] DB)CB] ( DY ] DA )CA [ DY X]

]
CB
DB

VM[( DY ] DB )(CB [ X) ] ( DY ] DA )CA ]

aB1\ CB( DY [ DA )

aB2\ [(2DB ] CA [ X)DY ] CA DA ]

Eqn. (6a) and (6b) may be written as :

aA0 \ aA1
dCA
dx

] aA2
dCB
dx

(7a)

aB0\ aB1
dCA
dx

] aB2
dCB
dx

(7b)

We can re-write the system (7a, 7b) in order to give dCA/dx
and in the form of two di†erential equations as a func-dCB/dx
tion of the parameters X, d andDA , DB , DY , CA , CB , VM :

dCA
dx

\
aA0 aB2[ aB0 aA2
aA1 aB2[ aB1 aA2

\ f ( DA , DB , CA , CB , X, d, VM) (8a)

dCB
dx

\
aB0 aA2 [ aA0 aB2
aB1 aA2 [ aA1 aB2

\ g( DA , DB , DY , CA , CB , X, d, VM) (8b)

In these equations, the convection velocity will be considered
as a function of the common concentration, the counter-ion
pair and the membrane, but constant through the DBLs and
the IEM. The values used in the calculations are thoseVMobtained experimentally for a typical system (NaCl/CM2/
LiCl).17

In our procedure, we have to know the limiting conditions,
that is the concentrations in the membrane at the interfaces.
These are determined from the equilibrium condition between
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the DBLs and the membrane using the Donnan equation,
which leads to the two following equations :

KAff\
CA
CA

CB
CB

(9a)

Ksel\
CA
CA

CY
CY

(9b)

where and are, respectively, the affinity coefficientKAff Kseland the selectivity coefficient.9 These two coefficients present
the ionic activity coefficient variations between the membrane
and the solutions. In fact, if we introduce the coefficients KA ,

and deÐned by then eqn. (9a) and (9b)KB KY Ki \ (ci/ ci ),become:

KAff\
cA cB
cA cB

\
KA
KB

(10a)

Ksel\
A cAY

cA

B2
\

1

KA KY
(10b)

By symmetry these equations can be written for the interfaces
x \ 0 and x \ d.

Numerical solution of the two di†erential equations written
for each phase (DBLa, IEM or DBLb) needs a set of initial
conditions. So, we choose two values of and obtainedJA JBfrom FickÏs law by supposing that the three phases constitute
only one continuous phase of thickness equal to d ] 2d
separating the bulk solutions a and b. From these values of JAand we compute initial values of : (i) and byJB CA(0) CB(0)
solving the two di†erential equations (8a) and (8b) in the
DBLa; (ii) and from and by using theCA(0) CB(0) CA(0) CB(0)
affinity and selectivity coefficients ; (iii) and byCA(d) CB(d)
solving the two di†erential equations (8a) and (8b) in the
membrane ; (iv) and from and by usingCA(d) CB(d) CA(d) CB(d)
again the affinity and selectivity coefficients ; (v) andCA(d ] d)

by solving again eqns. (8a) and (8b) in the DBLb.CB(d] d)
We compare then the computed values of andCA(d ] d)

to the initial imposed values, 0 and respectively.CB(d] d) C0 ,
If the di†erence is large, we select other initial values of the
Ñuxes and and repeat the procedure. This iteration canJA JBbe made automatically (according to the NewtonÈRaphson
algorithm), with respect to the di†erence between the initial
and the computed Ñux values.

For the present study, the di†usion boundary layer thick-
ness, d, the ionic di†usion coefficients in the membrane, Di ,the selectivity and the affinity coefficients, and andKsel KAff ,the Ðxed function sites concentration, X, are chosen arbitrarily
but within the order of magnitude found in the literature. We
have investigated the system KCl for(C0)/IEM/LiCl (C0)which we have collected a maximum of data and the values of
the parameters. In addition, the 1 :1 electrolyte pair, KCl and
LiCl, has a great di†erence in their cation mobilities, leading
to high values of the ion Ñuxes and bi-ionic potential.

Results and discussion

General shape of the curve J
i
= f (C

0
)

On Figs. 2a and 2b, we report the variations of the counter-
ion and co-ion Ñuxes vs. the common concentration, which
varies from 0.01 to 10 mol L~1. The values of the parameters
used in this computation are given in Table 1. The A`, B`
and Y~ di†usion coefficients are respectively 1.95] 10~5,
1.05] 10~5 and 2.05] 10~5 cm2 s~1 (corresponding to the
particular case K`, Li` and Cl~). From Fig. 2a, using real
coordinates, we remark, for high concentrations mol(C0P 1
L~1), that the ionic Ñuxes vary linearly with However,C0 .
from Fig. 2b corresponding to the curves J \ f (log itC0),appears that for low concentrations mol L~1) : (i) the(C0O 1

Fig. 2 Variation of A`, (]) B` and (]) co-ion Ñuxes vs. the(L)
common concentration : (a) linear coordinates, (b) semi-logarithmic
coordinates.

Ñux variations are asymptotic, decreasing to zero as tendsC0to zero and (ii) the co-ion Ñux must be con-(JY \ JA [ JB),sidered as negligible, and not of the same order of magnitude
as the counter-ion Ñux. However, the co-ion Ñux is of the
same order of magnitude as the counter-ion Ñuxes for C0P 1
mol L~1. We also observe over the entire concentration
range that the higher the mobility of the counter-ion, the
higher its Ñux.

The set of experimental results, obtained recently by Dieye
and colleagues,13,18 concerning the application of Donnan
dialysis for deÑuorinating drinking water using anion-
exchange membranes (AEM), conÐrm our previsions on the
general shape of the curves In fact, even ifJcountervion\ f (C0).DieyeÏs experimental conditions are di†erent from those corre-
sponding to the proposed theoretical treatment (existence of a
concentration gradient through the membrane, di†erent
counter-ions and co-ion nature, di†erent membrane nature
and characteristics, etc.) we observe, for the three AEM used
(Fig. 3) small variations of the counter-ion Ñuxes for low con-
centrations followed by a very sharp increase for high concen-
trations. The single di†erence rests in the limits of the
concentration domains, which are lower for DieyeÏs results,
and are a function of the factors enumerated previously. In
addition, the veriÐcation of the analytical equations, estab-
lished in the absence of water Ñow and only for the two con-
centration domains (low and high), leads to the same
conclusions concerning the phase that controls the interdif-
fusion process :19 the DBL for low concentrations and the
IEM for high ones.

Study of each parameter

In this section, we will study the inÑuence of one parameter if
we take all the others constant and equal to their values listed

Table 1 Parameter values used in the compilation of the ionic Ñuxes

Parameter Value used

DK/cm2 s~1 1.95] 10~5
DLi/cm2 s~1 1.05] 10~5
DCl/cm2 s~1 2.05] 10~5
d/lm 135
d/lm 60
X/mol mL~1 1.66
VM/cm s~1 0
KAff 1
Ksel 1
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Fig. 3 Fluoride Ñux vs. the upstream compartment concentration for
di†erent membranes.18

in Table 1. The tested parameter will vary arbitrarily within a
range Ðxed from the literature data.

Di†usion boundary layer thickness and the selectivity coeffi-
cient. To evaluate the DBL thickness inÑuence on the di†erent
Ñux values, we have computed these Ñuxes for di†erent values
of d at di†erent common concentrations. The results obtained
(Fig. 4) show the existence of two concentration domains :

mol L~1 and mol L~1. For molC0 O 0.1 C0P 1 C0O 0.1
L~1, the asymptotic evolution of the A` Ñux vs. dependsC0sharply on the d values (Fig. 4a). The higher the DBL thick-
ness, the faster the rate of decrease of with concentration.JAFor mol L~1, we observe (Fig. 4b) that the evolutionC0 P 1
of the A` Ñux vs. is linear.C0To study thoroughly the inÑuence of the DBL thickness on
the counter-ion Ñux, we present in Fig. 5 (curve a) the varia-
tion of the di†erence between the Ñuxes corresponding to*JAthe two limiting values of the di†usion boundary layer thick-
ness (d \ 60 lm and d \ 200 lm) vs. the common concentra-
tion We note that for low concentrations, up toC0 . C0\ 0.1

Fig. 4 Counter-ion Ñux vs. common concentration for di†erent di†u-
sion boundary layer thicknesses d (in lm). (a) low values of (b) allC0 ;
values of C0 .

Fig. 5 The variation of the di†erence in the A` Ñux at d \ 60 and
200 lm, vs. the common concentration [with equal to 1 (curve a)Kselor variable (curve b), see Table 2].

mol L~1, the di†erence increases ; it then decreases*JAbetween 0.1 and 1 mol L~1, and then again increases above
mol L~1. For weak concentrations, the value of theC0 \ 1

DBL thickness inÑuences directly the evolution of the Ñux.
The di†erence increases from 0 to 10~8 mol cm~2 s~1.*JAFor intermediate concentrations, this di†erence diminishes to
0.4] 10~9 mol cm~2 s~1, which corresponds to a non-
negligible role of the IEM in the control of the interdi†usion
process. It is well-known9 that the higher the common con-
centration, the greater the role of the membrane in this
control. However, for mol L~1, *J increases sharply.C0P 1
This is related to the decreasing inÑuence of the DBL on the
ionic Ñuxes.

To explain the shape of curve a presented in Fig. 5, we have
to take into account the sorbed electrolyte, which can be
quantiÐed by the selectivity coefficient (eqn. 9b). In our com-
putation, we have considered the experimental values of Kselobtained by Belaid20 using an atypical homogenous IEM
membrane (CM2 from Tokuyama Soda) and NaCl electrolyte
(Table 2). The results are given on the same Ðgure (Fig. 5,
curve b). In this case for mol L~1, we remark a con-C0 P 0.1
tinuous decrease of the di†erence between the counter-ion
Ñuxes corresponding to d \ 60 lm and d \ 200 lm. It
appears that (i) the inÑuence of DBL thickness decreases with
the common concentration and (ii) the selectivity coeffi-C0cient plays an important part at high concentrations, but not
at low ones.

Co-ion di†usion coefficient in the membrane. On Fig. 6 we
report the counter-ion Ñux variation vs. the common concen-
tration for di†erent co-ion di†usion coefficients in the mem-
brane, varying from 10~7 to 5 ] 10~7 cm~2 s~1. For low
concentrations, there is no inÑuence of the co-ion di†usion
coefficient on the counter-ion Ñux values. However, for high
concentrations, this inÑuence is very important and increases
with concentration. In all cases, the increase of the co-ion dif-
fusion coefficient implies an increase in the counter-ion Ñux
di†erences, but the K` Ñux always remains higher than the
Li` Ñux. We can explain these results by the fact that at low
concentrations, the co-ion is almost completely excluded from
the membrane, thus its does not contribute to the ion Ñux.Di

Table 2 Experimental values of the sorbed electrolyte quantity (in
microequivalents) and the selectivity coefficients obtained with a CM2
membrane and NaCl electrolyte20

C0/M nCl Ksel
1.0 11.80 6.53
0.8 9.20 5.41
0.2 2.04 1.56
0.1 0.96 0.83
0.05 0.46 0.43
0.02 0.18 0.18
0.01 0.09 0.09
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Fig. 6 Variation of the A` Ñux vs. the common concentration for
di†erent co-ion di†usion coefficients in the membrane.

The A‘ counter-ion di†usion coefficient. In this paragraph,
we discuss the inÑuence of a counter-ion di†usion coefficient
(for example on the ionic Ñuxes (see Table 1). hasDA ) DAbeen varied from 10~7 to 10~6 cm2 s~1 and the obtained
results are reported in Fig. 7. Two concentration ranges are
observed : at low concentrations, the co-ion Ñux is negligible
and the interdi†usion process is entirely controlled by the dif-
fusion boundary layers, while at very high concentrations, the
inÑuence of is very important ; the higher the higher theDA DAÑux of the counter-ion A and the higher the co-ion Ñux.

Fixed site concentration. In this study of the inÑuence of the
Ðxed site concentration, X, we have computed the ionic Ñuxes
for di†erent values of X : 1.66, 2.50 and 5.00 mole per liter of
wet membrane in H` form. The results are reported in Fig. 8.
We observe the existence of three di†erent ranges of the
common concentration For very low or very high valuesC0 .
of the Ðxed site concentration inÑuence on the ion ÑuxesC0 ,
is not very important. At low concentrations, the DBL con-
trols the interdi†usion process. Then the membrane plays no
part. At high concentrations, the electrolytes AY and BY pen-
etrate considerably into the membrane and their concentra-
tions become very high compared to X. Then, the Ðxed site
concentration does not inÑuence the di†usion of ions. At
intermediate concentrations, this inÑuence on all the ion Ñuxes

Fig. 7 Variation of the co-ion Ñux vs. the common concentration for
di†erent values of the di†usion coefficient of the counter-ion A` in the
membrane.

Fig. 8 Variation of the A` Ñux vs. the common concentration for
di†erent Ðxed site concentrations.

is obvious, because the interdi†usion process is controlled by
both the ion-exchange membrane and the di†usion boundary
layers. For all curves, we note that the higher the value of X
the higher the ionic Ñux, because the A` and B` concentra-
tion gradients in the membrane and in the DBLs increase with
X.

Affinity coefficient. To study the affinity coefficient KAffinÑuence on the ionic Ñux, we have used our treatment to
compute these Ñuxes for di†erent values of (1, 1.5 and 2).KAffThese values are chosen to be as near as possible to the usual
range of affinity coefficients corresponding to alkaline chloride
electrolyte pairs.21 We show on Fig. 9, the ionic Ñux varia-
tions vs. the common concentration and the affinity coeffi-
cient. It appears that for all concentration domains, the
counter-ion Ñux variations are negligible.

Convection velocity. In Table 3 we give the variation of the
A` counter-ion Ñux vs. the common concentration and the
convection velocity The second column corresponds to aVM .
zero value of Column 4 corresponds to the computed A`VM .
Ñuxes taking into account the experimental values of VM(column 3) given by Dammak et al.22 for the bi-ionic system
NaCl/CM2/LiCl, and only for less than 1 mol L~1. TheC0

Fig. 9 Variation of the A` Ñux vs. the common concentration for
di†erent values of the affinity coefficient.

Table 3 Variation of the A` Ñux vs. the common concentration and the convection velocity VM .

C0/M JA/10~8 mol cm~2 s~1 VM/10~6 cm s~1 JA/10~8 mol cm~2 s~1 JA/10~8 mol cm~2 s~1 a

0.01 0.8743 0 0.8743 0.8743
0.025 1.5953 0 1.5953 1.5953
0.05 2.2077 0 2.2077 2.2077
0.1 2.7471 [0.30 2.7555 2.8312
0.25 3.3002 [0.75 3.3209 3.5091
0.5 3.7974 [1.37 3.8262 4.0896
1 4.8797 [1.31 4.88122 4.8983

a For 10 É VM .
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comparison of the two data sets leads us to assume that to the
water transport contribution in the cross-ionic Ñuxes is negli-
gible (less than 1%). However, for the bi-ionic potential, the
convection velocity has a contribution of 6È7% of the BIP
values. These same proportions can be obtained for convec-
tion velocities ten times higher than those obtained experi-
mentally (column 5).

Conclusion
We have proven the important inÑuence of the selectivity
coefficient for mean and high concentrations, but the(Ksel)affinity coefficient plays a negligible part. We have also dis-
cussed the role of the membrane and the di†usion boundary
layers, and presented a useful abacus for to deter-J \ f (DY )
mine the experimental values of under di†erent experimen-DYtal conditions (membranes, electrolytes, etc.). We conÐrm that
the DBLs control the interdi†usion process at low concentra-
tions, but at higher ones the process is controlled by the mem-
brane. In the intermediate concentration domain, control of
the interdi†usion process is mixed.

All these theoretical previsions will be veriÐed experimen-
tally and will be the subject of a future paper.
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